Introduction
For each triangle on a Euclidean plane, there exist three characteristic exterior circles. Each of these circles is tangent to one of the triangle's sides; and also tangential to the two straight lines containing the other two sides, but not the sides themselves. Each of the three circle centers is the point of intersection between two of the triangles' external angle bisectors as well as one internal angle bisector (figure 1). In a recently published paper by Amy Bell ( [1] ), a number of properties of the radii, respectively say, for such circles, are explored. There is also the work of Hansen ([2] ) in which results pertaining to these radii in the case of right angled triangles are obtained.
Throughout this paper we will denote by , , α β γ the three side lengths of a triangle .
ABC
The purpose of this work is two-fold. The first objective is to present an alternative simple derivation of the formulas for the radii α β γ . We achieve this in Section 3.
To do so, we employ the Law of Cosines and two simple trigonometric identities. For a geometric proof (rather than one which involves trigonometric functions), the reader may refer to [6] . For related material see [7] , [8] , [9] . In Section 4, we state the well known parametric formulas which describe the entire family of Pythagorean triangles or triples. In Section 5, we combine the formulas from Sections 3 and 4. This we do, in order to give formulas for the radii , , α β γ ρ ρ ρ , for triangles which are Pythagorean. In Section 6, we examine the family of all isosceles triangles with integer side lengths and integral area. This is the main or primary goal of this work; to parametrically describe (in terms of three integer-valued parameters) the set of all Heron (see below) isosceles triangles which have integral radii
. We interject here a note on terminology.
Note that, typically, a triangle whose side lengths and area are integers is referred to as a Heron triangle. At times we will be using this terminology. Also note that an isosceles Heron triangle must obviously be non equilateral; if α β γ = = is the integer side length of an equilateral triangle its area E is given by , 4
References for Heron triangles can be found in [10] and [11] .
In the section 6, we use an auxiliary proposition, Proposition 1, in order to establish Proposition 2, which provides us with a parametric description of all Heron isosceles triangles. Furthermore, in Theorem 1, we parametrically describe a subset of all Heron isosceles triangles, namely, those Heron isosceles triangles for which In the picture (Figure 1 ) we have the following: and from the right angle we have
and also (7) gives
Combining (8) If E is the area of a triangle , the
. This formula for the area E in terms of the side lengths
is known in the literature as Heron's formula.
If we use Heron's Formula and (9), we easily obtain the formula
and by cyclic interchange we also have 
When ABC is a Pythagorean triangle
A Pythagorean triangle is a right-angled Heron triangle. Basic material on Pythagorean triangles can be found in [5] and [12] . When is Pythagorean, then α, β, γ are positive integers such that .This in turn implies that such that (i.e., and n are relatively prime) and (One of , is odd; the other even).
That the above parametric formulas describe the entire family of Pythagorean triples is well known. For historical information regarding Pythagorean triangles the reader may refer to [3] . Another classic book on the subject is [4] and for information on the subject from an elementary number theory view point see [5] .
The External radii
γ β α ρ ρ ρ , ,
of a Pythagorean triangle
When is a Pythagorean triangle it may be shown from (10) and (11) that
The case of Heron isosceles triangles
In this section, we examine Heron's isosceles triangles. These are triangles with α γ β ≠ = being integers and the area E also being an integer. To be able to describe all such triangles, we make use of Proposition 1, proved below. To establish Proposition 1, we need the following result from number theory 
Figure-2
For more information and a proof of result 1, refer to [4] or [5] . 14) easily implies that the integer must also be odd, which in turn implies that must be odd as well. Now, the square of any odd integer is congruent to 1 modulo 4 (in fact, 1 modulo 8, but we do not need that). Thus, 
The proof is complete.
The following proposition essentially describes the family of all heron isosceles triangles. In effect, proposition 2 shows that each Heron isosceles triangle can be obtained by glueing together two congruent Pythagorean triangles (so that they share a common leg). 
The proof is complete. Now that we have a complete parametric description of the set of all Heron isosceles triangles, let us identify among such triangles, those for which the external radii
are also integers. This is done in Theorem 1 below. To do so, however, we need another result from number theory as follows: Result 2 and a proof of it can be found, for example, in [4] or [5] . are also integers. Then is the union of the following two families:
; in this family the radii are given by
; and with Proof: From the definition of the set and the parametric formulas that define the family and , it is apparent that if a Heron triangle belongs in or , it must belong in . Below we prove the converse. That is, if a triangle is a member of , it must be in or . By Proposition 2, we know that if is a Heron isosceles triangle with 
Since and are relatively prime, it follows that n must be relatively prime to the product . We see that in this case, it is not enough that and are relatively prime; the fact that one of is even, while the other is odd, is also needed. We set The proof is complete.
Numerical examples
We present those Heron isosceles triangles with integral 8  5  3  12  K=1, n=1, m=4  48  51  45  40  K=1, n=1, m=6  120  185  175  84  K=1, n=2, m=3  24  13  5  60  K=1, n=2, m=5  120  87  63  140 K=1, n=3, m=4   48  25  7  168  K=1, n=4, m=5  80  41  9  360  K=1, n=5, m=6  120  61  11  660 
